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Abstract 

We develop a formalism for computing one-loop gravitational corrections to the effective 
action of D-branes. In particular, we study bulk to brane mediation of supersymmetry 
breaking in models where supersymmetry is broken at the tree-level in the closed string 
sector (bulk) by Scherk-Schwarz boundary conditions, while it is realized on a collection 
of D-branes in a linear or non-linear way. We compute the gravitational corrections to 
the fermion masses mi/2 (gauginos or goldstino) induced from the exchange of closed 
strings, which are non- vanishing for world-sheets with Euler characteristic —1 ("genus 
3/2") due to a string diagram with one handle and one hole. We show that the corrections 
have a topological origin and that in general, for a small gravitino mass, the induced mass 
behaves as mi/2 oc g'^ms/2j with g the gauge coupling. In generic orbifold compactifications 
however, this leading term vanishes as a consequence of cancellations caused by discrete 
symmetries, and the remainder is exponentially suppressed by a factor of exp(— 1/Q;'m3y2)- 



tOn leave from CPHT Ecole Polytechnique (UMR du CNRS 7644) F-91128, Palaiseau. 



1. Introduction 

There are many important reasons for studying gravitational corrections to the effec- 
tive actions describing D-brane excitations. One of the phenomenologically-oriented goals 
presenting quite a challenging theoretical problem is to understand how supersymmetry 
breaking in the bulk can possibly be communicated to the gauge theory of supersymmetric 
branes. The world-sheet configuration that mediates such a supersymmetry breaking is a 
bordered Riemann surface with one hole and one handle (or two crosscaps in the presence 
of orientifolds) and has Euler characteristic —1: we call it a "genus 3/2" surface. In this 
work, we develop a formalism for such computations and study the (Majorana) fermion 
masses on branes generated from gravitational corrections in type II string models with 
supersymmetry breaking realized via Scherk-Schwarz boundary conditions . The 

gravitino mass is then proportional to the compactification scale 1/-R, while supersymmetry 
remains unbroken locally on the world- volume of branes transverse to the Scherk-Schwarz 
(SS) direction [^. 

Actually, in type I theory, there is also a pair of orientifold [O) and anti-orientifold (O) 
planes formed, respectively, at the two endpoints of the compactification interval, requiring 
in general the presence of branes and anti-branes for canceling the Ramond-Ramond (RR) 
charge. One can then construct two types of D-brane configurations [Q]: DO or DO 
preserving linearly half of the bulk supersymmetry on the brane world- volume 0, and DO 
or DO with non supersymmetric spectra but realizing non-linear supersymmetry 0,^. Our 
study of gravitational corrections to Majorana fermion masses applies both to gauginos of 
the supersymmetric configurations, as well as to the goldstino of the non-supersymmetric 
models. 

Since the mediation of supersymmetry breaking from the bulk is a local phenomenon, 
the possible existence of distinct branes and orientifolds far away in the bulk can only 
lead to a secondary subleading effect. Thus, for simplicity and without loss of generality, 
we will restrict our analysis to the oriented string case, the generalization in the presence 
of orientifolds being straightforward. Moreover, for the same reason, we will ignore the 
possible existence of distinct anti-branes which are required by RR charge conservation 
in the compact case. Note that the brane - antibrane system is not affected by the SS 
deformation. In any case, their presence can be avoided if some other direction of the 
transverse space is non-compact, without affecting our results. 

Now consider a fermion mass term generated by the two-point function at zero mo- 
mentum of two (tree-level) massless gauginos (or goldstinos) of the same (four-dimensional) 
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chirality. The generic oriented string diagram that contributes to this amphtude has g han- 
dles and h holes corresponding to D-brane boundaries. Obviously, one must have h > 1 
in order to insert the gaugino vertices. The power of the string couplings is determined 
by the Euler characteristic x = 2 — 2(7 — /i. A simple inspection of the internal N = 2 
world-sheet superconformal charge, of which each gaugino vertex carries 3/2 units, shows 
that one needs at least three world-sheet supercurrent insertions to ensure charge conser- 
vation. This implies that independently of the source of bulk supersymmetry breaking, the 
lowest order diagram that can give non- vanishing contribution has x = — 1 and "genus" 
g + h/2 = 3/2. In the oriented string case, there are two such diagrams: one with three 
boundaries {g = 0, h = 3) and one with a handle and a boundary {g = l,h = 1). In the 
framework we described above, all boundaries are of the same type and thus the first dia- 
gram is supersymmetric and can be ignored. We are therefore left with the [g = l,h = 1) 
surface that contains the information about gravitational interactions. This world-sheet 
configuration will be studied in this work in great detail. 

The main result of our analysis is that the gaugino mass is determined by an amplitude 
closely related to the topological partition function JF2 Furthermore, for smooth 

compactifications with at most N = 2 supersymmetry on the branes, we obtain, in the 
limit of low-energy supersymmetry breaking, a fermion mass proportional to the gravitino 
mass On the other hand, within the effective field theory, the one loop gravitational 

correction leads obviously to two inverse powers of the Planck mass which can be canceled 
only if the momentum integral is quadratically divergent. Thus the leading contribution 
computes precisely the coefficient of this divergence, cutoff by the string scale. However, 
in the case of orbifolds, this term vanishes as a result of cancellations caused by discrete 
symmetries, and the remainder is suppressed exponentially as exp(— l/a'm3^2)- 

The paper is organized as follows. In Section 2, we describe the moduli space of the 
relevant genus 3/2 string diagram ((7 = 1, /i = 1), obtained by an appropriate involution 
of the genus 2 {g = 2, h = 0) surface. We also obtain the left-over modular group and the 
corresponding fundamental domain of integration. In Section 3, we derive the partition 
function modified by the SS deformation and study the degeneration regions associated 
to the large radius limit. In Section 4, we compute the amplitude that determines the 
gaugino mass. We point out that it is closely related to the amplitude corresponding to 
the topological JF2 term in type II theory. To simplify our discussion, we assume that 
the action of the SS twist is limited to the two-torus part of a x Ks compactification 
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manifold. Before discussing the general i^a, we consider orbifolds and find that the am- 
plitude is zero in such compactification limits. We also derive a general expression valid 
for all compactifications. In Section 5, we discuss the world-sheet degeneration limit 
relevant to large radius compactifications and present explicit expressions for theta func- 
tions, prime-form etc. As a first step toward constructing more explicit and "calculable" 
examples, and in order to gain more insight into the general case, we reconsider orbifolds 
in Section 6, but now in the presence of non-vanishing VEVs for the blowing-up modes. In 
Section 7, we overcome another obstacle - a cancellation due to the Z2 symmetry of the SS 
mechanism, which occurs in the simplest form of SS compactifications - by considering its 
Z AT generalization a la Kounnas and Porrati . This allows extracting the leading radius 
dependence of the gaugino mass and thus its behavior for small gravitino mass. Finally, 
Section 7 contains our conclusions and outlook. Some technical details are relegated to 
three Appendices. 



2. Bordered {g = l,h = 1) Riemann Surface Prom the Involution of ((7 = 2, /i = 0) 

In this section, we study the genus 3/2 Riemann surface with one handle and one 
boundary, see Fig.l. The cycles a and b shown in Fig.l are the canonical homology basis; 
the boundary c is homologous to ab~-'^a~-''b. Such a surface can be obtained from the 
double torus of genus 2 by applying the world-sheet involution / that exchanges left and 
right movers, according to Fig. 2. Its action consists of a refiection with respect to the 
plane of the dividing geodesies c, which in the canonical homology basis interchanges a 



and b cycles, while simultaneously reverts the orientation of the later [ pT| : ai ^ a2 and 
bi ^ — b2. It follows that the involution symplectic matrix /, acting in order on blocks of 
a and b cycles, takes the form: 



F \ a' 



C -T \ -a 



.1 



(2.1) 



where F is a symmetric matrix of integers with F^ = 1. In our case, it is given by the 
2x2 Pauli matrix a^. A period matrix O invariant under the involution (|2.1| ) satisfies ||11|| : 
O = /(O) = (C — FO)F = — a^fia^. It can thus be put in the form 



Figure 1: Bordered g = 1 surface with h = 1 boundary. 




Figure 2: The same {g = 1, h = 1) surface obtained by a mirror involution of g = 2. 

where r = ri + zr2; it depends on three real parameters ri, r2 and /. 

The "relative modular group," defined by the modular transformations Sp(4, Z) that 



preserve the involution, was studied in general in Ref. [|T2[ . In the case under consideration, 
it consists of the usual genus-one transformations that act simultaneously on the two tori 
of the double cover. These are generated by the familiar S and T transformations; S 
interchanges a with b cycles, up to a sign dictated by the involution: ai ^ bi and 
SL2 ^ — b2; on the other hand, T leaves invariant the a cycles and shifts the b cycles by 
bi ^ bi + ai and b2 ^ b2 — a2. In matrix notation, they are given by 



S 



a-^ 
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which, when applied to the period matrix ( pT2|) , yield: 
T: + 1 ,1^1 ; S : r ^ -■ 

or equivalently: 



1 



T 



(2.3) 



P -/2 



P -/2 



T: n^n + a' 



S : -a^Q-V^ 



(2.4) 



(2.5) 
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Positivity of the period matrix implies that r2 and — det O = |rp — are positive. 



The fundamental domain of integration can be easily derived from ( |2.4| ). In the r- 
plane, for fixed it consists of the part of the strip —1/2 < ri < 1/2 which lies above 
the circle of radius such that |rp > 1 + P (see Fig. 3). Obviously, the parameter 

/ determines the size of the hole. In the limit / —>■ 0, the surface becomes a regular torus 
and the modular transformations ( p.4| ) are reduced to the usual SL(2,Z) transformations 
T ^ T + 1 and r —>■ —1/t with their familiar fundamental domain. Note that ( p.4| ) 
preserve the sign of I which remains undetermined. Actually, before the involution, there 
is no constraint on the sign of the non-diagonal element of the period matrix O12. However, 
after the involution, we show below that the sign of I is fixed to be positive |13[j. 



X2 




Figure 3: The shaded region is the {g = 1, h = 1) fundamental domain. 

We use the basis of two holomorphic differentials on the genus- two surface S, 
normalized to the a cycles: 



uJi = Vtij ; Ui A Uj = ImO^,- . 



(2.6) 



Consider now the surface Ei obtained from E by the involution ( |2.1| ), and evaluate uJiA 



using the identity |]n 



El 



From the involution (^]l|)' deduces that on the boundary Ui = ^ijU^j and thus 

oJi^2ix) = uj2,i{x) , xec. (2.8) 
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Using this property, one has 



/ uJiAujj= uJiA {ujj - CTj^uJk) = ( / i^j - (^jk^k) - (ai ^ bi) ) , (2.9) 

since the boundary contribution vanishes. Using now the relations ( p.6| ) and ( |2.2| ), we find: 
\ oj\l\uj\ = T2-\ ; { ^2l\^2 = \ ; / c<;iAci;2 = --^- (2-10) 



2 ./El 2 Jj]^ 2 

From the second relation above, it then follows that / is positive. 



3. Partition Functions 

In this section, we compute bosonic and fermionic partition functions, as well as the 
SS deformation, on the genus 3/2 [g = \,h = \) Riemann surface that was described 
above. Following the analysis of Ref. the bosonic determinants can be obtained by 
taking the appropriate square root of the corresponding expression on the genus 2 double 
cover, up to a correction factor Ry, that depends on the involution and on the boundary 
conditions, Neumann (N) or Dirichlet (D):0 



9 



2 : (detImn)-^/2|^ir^ — ^ {g = \^h = \) : det Im^)-^/*Z//^ (3.1 



where Z\ is the chiral part of the determinant, and obviously after the involution the 
period matrix O has the reduced form ( |2.2| ). The correction factor is given by 

R\ = (Rty = det (^^ImO + l±^(ImO)-i) = ^ , (3.2) 

where F is defined from the form of the involution (|2.1|) and equals cr^ in our case. As a 
result, the bosonic determinant on Ei becomes (r2 ±l)~^^'^Z-^ where the plus (minus) 
sign corresponds to Neumann (Dirichlet) boundary conditions. Note that the correction 
factor (|3.2| ) is invariant under the modular transformations (|2.4|) . It will be also useful to 
define 



f = Ti+i^Ti -P , (3.3) 

which has the usual form of SL(2,Z) transformations, f f + 1 and f —>■ — l/r. 



^ Note the difference in the definition of i?s between the two references of |11]; tlie one is 
inverse of the otlier. Here, we use the definition of Bianchi and Sagnotti. 
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The generalization to a compact boson is straightforward. The classical action (see 
Appendix A) is: 

= ^{m + nn)(Imn)-\m^ + nn^) = -^^^ (m^ + 2mnri + n^drp - l^)) , (3.4) 
2 {t2±1) ^ 

where R is the compactification radius in a' units, and m = m(l, =pl) and n = ?7.(1, ±1) are 
the winding numbers around the b and a cycles, respectively. Their form is fixed by the 
involution, while the two signs correspond to N and D boundary conditions. Combining 
( p.4|) with the quantum determinant (|3.1| ), and summing over all classical solutions, one 
finds the total contribution to the partition function of a compact boson: 

^2 / (to + riTi)'^ 2/ 
7 _ 7-1/2 V^7N,D . ^N,D _ ^ ^ \ T2±l J 



into the Hamiltonian form Z 



After performing a Poisson resummation in m, one can bring the partition function 

N,D 



m,,n 



ITV 



(3.6) 



where f was defined in (|3.3| ). Thus, the lattice partition function takes the familiar form 
in terms of an effective radius modified by the correction factor (|3.2D . Obviously, in the 
limit where the size of the hole vanishes, / 0, the correction factor becomes unity and 
the partition function is reduced to its toroidal form. From the expression ( |3.6| ), it is also 
easy to see that T-duality, R exchanges N and D boundary conditions. Note that 

R ^ 1/R is also formally equivalent to / ^ — /. 

3.1. Fermions and Theta Functions 

The method of taking the square root from the double cover can be also applied to 
the fermionic determinants giving rise to theta-functions. Each complex fermion leads to 
16 spin structures corresponding to four boundary conditions a = (ai, 02) and b = (61, 62) 
along the two non-trivial cycles a and b of Ei for the left and right movers: 



e 



(-Q-) _ ^2 ^in{n + a)fl{n + dy + 2iTc{n + d)a^b^ (3 7) 

n=(ni,n2) 



The insertion of cr^ in the last phase was chosen for convenience, so that in the toroidal 
hmit 1^0: 



1^0: 



e 



(3.i 



It follows that under the modular transformations ( |2.5| ), O transforms as the product of 
the 1-loop theta's 00: 



T : e 

s : e 



-|- — g-i-n-ai(ai + l)+i7ra2(a2 + l) Q 

(-(j^Oa^) = VdetO e2^^(«i''i-"2^'2)e 



a 



(O) 



a 



(3.9) 



The partition function involves a sum over spin structures with appropriate coefficients 
determined at one loop level. As usually, at higher loops the corresponding coef- 
ficients are determined by the factorization properties of the vacuum amplitude. In our 
case, it is sufficient to consider the / — > limit, to deduce in a shorthand notation: 



(3.10) 



where the subscripts L, R denote the left and right movers in the torus amplitude. 



3.2. The Scherk-Schwarz Deformation and the Large Radius Limit 

Here, we will consider the breaking of bulk supersymmetry via SS boundary condi- 
tions along a direction transverse to the D-brane stack [^|2|,|^,||,^ . In the closed string 
sector, it amounts to deform the partition function by coupling the lattice momenta to 
the fermionic spin structures, imposing antiperiodic boundary conditions to space-time 
fermions consistently with world-sheet modular invariance: 



e 



g-2i7rn(6i-&2) 



a + nl 
b + ml 



5f e 



^SS _ g2i7r[m(ai — a2) — n(6i — &2)] 



(3.11) 

where 1 = (1,1), and m, n are the winding numbers appearing in ^ of ( |3.5[ ). The choice 
of Dirichlet conditions follows from the transversality of the SS direction to the boundary. 



Thus, the SS deformation consists of inserting the phase 5f ^ (|3.11|) in the partition function. 



In the zero winding sector, n = 0, upon Poisson resummation in m, it amounts to shift the 



Kaluza-Klein momenta m in (|3.6| ) of space-time fermions (ai — 02 = 1/2) by 1/2, giving 
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a mass to the gravitino 1/2R. In the odd winding n sector, on the other hand, there is a 
change in the GSO projection due to the additional phase. 

We consider now the large radius limit R oo, where supersymmetry is restored. 
The relevant partition function is Z^ ,^, corresponding to the lower sign of (|3.5| ). Since 
at the origin of the lattice, m = n = 0, the SS phase becomes trivial, the contribution to 
the gaugino mass should vanish by supersymmetry. Thus, for finite moduli (r2 and /) the 
result is exponentially suppressed in R. To avoid exponential suppression, n should vanish 
and T2 should go to infinity. This limit corresponds to the handle degeneration, describing 
a massless closed string exchange in the loop, and thus gravitational corrections in the 
effective field theory. 

Note that for Neumann boundary conditions, one should get an additional contribu- 
tion from all winding numbers n 7^ in the limit r2,/ ^ 00 with r2 — / ^ 0, so that 
r| — P remains fixed. This degeneration describes precisely the non-gravitational two- 
loop non-planar diagram in the gauge theory of the D-branes. Obviously, this limit is not 
relevant for our purposes, since it does not contain any information on the mediation of 
supersymmetry breaking from the bulk to the boundary. 



4. Gaugino Mass as a Descendant of a Topological Amplitude 

In this section, we evaluate the two-point function involving two gauginos at zero 
momentum coupled to the boundary of a ((7 = 1, /i = 1) surface Ei. We consider the 
case with N = 2, D = 4 supersymmetry on the boundary. Thus the D = 10 type II 
theory is compactified on the six-dimensional internal space K3 x T^, where contains 
the Scherk-Schwarz circle transverse to the boundary direction. The K3 manifold is de- 
scribed by a (4,4) superconformal field theory, yielding = 4 supersymmetry in the bulk, 
spontaneously broken by the SS boundary conditions. As it becomes clear in the following, 
the computation of the gaugino mass is closely related to the computation of the genus 
2 topological amplitude JF2 that determines the gravitational coupling in Calabi-Yau 
compactifications of type II theory [0. Before a fuU-fiedged discussion of K3, it is very in- 



structive to consider its orbifold limit, with K3 realized as T^/H, where if = Z2 refiection 
{z —z) or another Zat symmetry of T"*. 
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4.1. The Orbifold Case 

The gaugino vertex operator of definite chirality a, at zero momentum, in the canonical 
—1/2 ghost picture, reads: 

Vy'/^\x)^:e-^/^S^S,r.t:, (4.1) 

where a; is a position on the boundary of the world-sheet, (p is the scalar bosonizing the 
superghost system, and 3^ {Sint) is the space-time (internal) spin field. Upon complexi- 
fication of the four space-time fermionic coordinates, ipj for 1 — 1,2, and introducing the 
bosonized scalars i/jj = e*'^^ , one has 

Sa = e ^ ; a = ± . (4.2) 

Similarly, bosonizing the fermionic coordinates of and K3, by introducing the scalars 
^3 and (f>4^5, respectively, one has: 

Sint = e2 . (4.3) 

In order to compute the amplitude involving two fermions ( [1.1| ) at the boundary of a 
(g = 1, h = 1) surface, one has to insert three picture changing operators e'^Tp, where Tp 
is the world-sheet supercurrent. We choose to insert all these operators on the boundary 
c. One of them is needed to change the ghost-picture of one gaugino to +1/2, while the 
other two arise from the integration over the supermoduli: 

mi/2 = 9^ [ df,{n) [ dxdy A ; A = /v}r'/^\x)vlr'^^\y) TT e^T^(z„) 

(4.4) 

where Qs is the string coupling. Its square includes Qs associated to Euler characteristic 
— 1 as well as an extra Qs from the normalization of gaugino kinetic terms on the disk. 
The moduli integration is over the fundamental domain F(Ei), shown in Fig. 3, with the 
appropriate measure dfx{n). The dependence on the positions Za of the picture changing 
operators is gauge artifact and should disappear from the physical amplitude. 

By internal charge conservation, since both gauginos carry charge -1-1/2 for (p^, (p^ 
and (^5, only the internal part of the world-sheet supercurrents, T^"* contributes; each Tp 
should provide —1 charge for (ps, (j)4^ and ^5, respectively. In the orbifold case, Tp^^ = 
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S/=3 V'/C^^^ + C.C., where and X^'^ are the complexified coordinates of and -ftTS, 
respectively. The later transform under an element h of the orbifold group H as hX^ 
and — s> h~^X^ . The amplitude (|4.4|) then becomes: 

5 2 5 

/=3 1=1 7=3 

(4.5) 

where {^/}, / = 3,4,5, is a permutation of {^a}, = 1,2,3, and an implicit summation 
over all permutations is understood. 

Performing the contractions for a given spin structure s, one finds: 



A 



s 



oUU^ - y)) nL3 Os,hA\{^ + y)- ^i) dx^Azi] 

^,(i(x + y)-EL3^/ + 2A) 



(^{x)a{y) ^ Z2 ^ss 



(4.6) 



where Og is the genus-two theta-function of spin structure s, E is the prime form, cr is a 



one-differential with no zeros or poles and A is the Riemann ^-constant [ll5| , p!6| . Zi^hj is 
the (chiral) non-zero mode determinants of the /i/-twisted (1,0) system, with /i3 = 1, /i4 = 
h, = h~^, while Zi = Zi^i, and Z2 is the chiral non-zero mode determinant of the 
(2,-1) b-c ghost system. Finally, Ziat stands for all zero-mode parts of space-time and 
internal coordinates. In our case, it is given by: 

^ + /)2 ^"^'^ ^rest , (4.7) 

where an implicit summation over m, n should be performed, taking into account also 5f ^ 
and the dXj factors in ( [4.6| ). Recall that is the phase ( 3.11j ) of the SS deformation, 
Z^^^ is the momentum lattice of the SS circle (pTSj), satisfying Dirichlet conditions at the 
boundary, while Zrest denotes the remaining zero-mode contribution of the K3 lattice, 
together with the additional (non-SS) direction of T^. 

The large radius limit along the SS direction was described in the previous section. 
In this limit, the amplitude is exponentially suppressed unless r2 — ^ 00 with / fixed, corre- 
sponding to the effective field theory gravitational loop exchange. Moreover, the momen- 
tum sum is restricted to vanishing winding number n. Then as 

R^oo: 5f = (-l)2--i' Z;„,~^-l^Z^,o^re.t(r2-oo). (4.8) 
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Note that for m even, the SS deformation becomes trivial hence, as shown below, the result 
vanishes by supersymmetry; the SS lattice sum is in fact restricted to the odd winding 
numbers m. 

In order to perform an explicit sum over spin structures, we choose the positions of 



the picture-changing operators satisfying the condition [10 



1=5 



^ = y + 2A . 



(4.9) 



7=3 



Then the spin structure-dependent part of the amplitudes ( ^?q ) simplifies, yielding the 
following sum: 



So - ^(-1)2--% 



a.b 



1=3 



^{x + y) -zi) 



(4.10) 



where the theta-function subscripts hj denote additional shifts in their characteristics 
associated to to the respective orbifold group elements. By using the Riemann identity 
T^ , we obtain 



e 





2 



[X — 



/=3 





2 



{zi - A) . 



(4.11) 



Note that as anticipated, for m even, the above result vanishes by supersymmetry, due to 
the Riemann vanishing theorem, 6{z — /S) = Vz G E. For m odd, the amplitude becomes 



A = e 







(x- A) 



a{x)a{y) 



n?i' E{z:, zj) nL3 ^'(^/) zf nL3 zi,h, 



/=3 



(4.12) 



(^,-A) dXhAzi)y<z, 



lat 



As mentioned before, the amplitude (|4.12|) contains an implicit sum over 6 permuta- 
tions {zj} of the supercurrent insertion points {za}- Due to complete antisymmetry of the 
prefactor, this leads to the antisymmetrization of the product Y[a=i ^h~^ (-^« ~ ^)dXhj (za) 
in {za}- Recall that = 1, = h, = . For a j^Li orbifold, = /is, hence 
the amplitude vanishes after summing over all permutations. In fact, as shown in Section 
6, it also vanishes for all T^/Ijn orbifolds. This cancellation is clearly due to discrete 
symmetries, therefore it is not expected to hold for a generic K2, compactification. 
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4-2. The General K 3 Case 

The case of a general K3 x compactification can be discussed by slightly modifying 
most of previous computations. The underlying = 4 superconformal field theory (SCFT) 
of central charge c = 4 is characterized by an SU{2) afRne algebra at level one. This can 
be realized in terms of a free boson $ compactified at the self-dual radius, that couples 
also to the spin structure s. The internal part of the gaugino vertex operator (O) 
becomes: 

^^nt = e^^^/2+^*/^, (4.13) 
while the internal part of the world-sheet super current reads: 



rpint 
-'-F 



(4.14) 



where G- has no singular operator product expansion with the U{1) current 9$ and carries 
a conformal dimension 5/4. The internal part of the amplitude corresponding to the last 
product of contractions in ( [4.5| ) then becomes: 



X (G_(z4)G'-(^5)), 

giving rise to the following spin structure dependent amplitude: 

6'2(i(x - y))ds{\{x + y)- z^)Chr,s{^ + y - ^ z^) E^/^{z4, Z5)a{x)a{y) 



(4.15) 



^,(i(x + 2/)-EL3^/ + 2A) 



U'i'jE{zj,zj)UU^'i^i) 



^2 .SS 



Zf 



5T dXsizs) Zi,tT^{G.iz^)G.iz5))r . 



(4.16) 

Here, the label r = 0, 1/2 denotes the two different types of spectral flow of the = 4 
SCFT, and a summation over r is implicit. Zi^tT^ contains the zero-mode parts in the 
partition function of space-time and coordinates, while the K3 contribution is included 
in the last factor which is also independent of the spin structure. Finally, Chr^s{i^) is the 
spin structure dependent SU (2) level one character: 



Ch^ 



J2m{n + f -t- a)0(n -t- f + a)'^ + 2z7r(n + f + a)a^{v + 2hf 



f+ a 




(20, v) 



(4.17) 
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In order to perform an explicit sum over spin structures, we choose here the positions 
of the picture-changing operators satisfying the same condition as in ( [4 .91 ) . Then the spin 
structure-dependent part of the amphtude (|4.16|) simphfies, yielding the following sum: 



S,C3 = ^(-l)2--r^_;L^4&.(r+a) 



a,b 



X e 



{x-y))9 



[x + y)~ Z3)9 



f + a 




(4.18) 



(20, X -f y - Z5) 



where we used the SS factor = (_ i)2ma i j^gigyant to the R 00 limit, Eq.(4^). Now 
the summation over b can be performed by using the "addition" theorem [|16[| : 



29 



4a-e 



a + (3 
7 + e 



9 



{ui + U2) 9 

(20, 2ui)9 



a + p 



a 
L7 



/3 + 7 
e 



{ui - U2) 

(20,2«2) 



with the result 



f+ a 




(20, x+y—z^—zs) 9 



f+ a 




{2n,x-zs)9 



(4.19) 



(20,y-^3). (4.20) 



Finally, after using the inversion of ( [4.19| ) ||16|| , we obtain 



-1 



, 2mf- 1 



9 



m -1 
2 



{x-A)9 



m -1 
2 -"-J 



(zs - A) 9 



(20, Z4 + ^5 - 2A) (4.21) 



As expected, the above result vanishes by supersymmetry for m even, due to the Riemann 
vanishing theorem, 9{z — A) = G E. For m odd, the amplitude becomes 



A = (-1)2-1^ 



(20, z^ + Z5- 2A) ((?_ {z^)G- {z5))rE^/\z^, Z5)a{z^)a{z5) 



X (9X3(^3)^(2:3) 



u{x)a{y) 



Z2 ^ 

X -^TTT^Zl. 



(4.22) 



where 



S(a;) = 9 







— A)o"(a;) 



(4.23) 



is the holomorphic one- differential twisted by (—1) along the two b-cycles of the genus 2 
double-cover, i.e. twisted by (—1) along the b-cycle of the bordered surface. In Eq.( [4.22| ), 
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and in most cases below, we neglect some purely numerical {i.e. position- and moduli- 
independent) factors. 

At this point, the amplitude (|4.22|) still seems to depend of the positions {za} of the 
supercurrent insertions. However, it contains an implicit sum over 6 permutations {zj} of 
these points. As a result, the factor 



B(zi] 



-1 



,2r-l 



9 



(20, Z4 + Z5- 2A){G-{z^)G-iz5))rE^/\z^, Z5)a{z^)a{z5) 
X dXs{zs)uj{z3) 



(4.24) 

yields a completely antisymmetric combination B{za) that transforms as a quadratic dif- 
ferential in each Za, twisted by (—1) along the two b-cycles, with first order zeroes as 
Za Zf,. This implies that 

B{za)=Bdethaizt), (4.25) 
where B is constant (position independent) and ha are the zero modes of the twisted 



(2,-1) b-c system. For the latter, we can use the bosonisation formula |lT5|,p!7 

1,2,3 

-1/2 



e 







2 ■'■-I a=l 



a=3 1,2,3 a=3 

(5^ Za - 3A) H E{za, zt) n cr^Za)Z;'/^ = dethaizt)Z2 

a<b a=l 



(4.26) 



where Z2 is the nonzero-mode determinant of the twisted b-c system. Finally, after using 
all these relations, together with (|4.9| ), we obtain: 

Z2 



A 



Z2Z\ 



(4.27) 



which does not depend on the supercurrent insertion points. 

In order to compute the gaugino mass, the amplitude ( f4.27|) should be integrated 
over the positions of the gaugino vertex operators and over the moduli of Ei. Since 
x,y E c ab~"'^a~"'^b. 



(4.28) 



We show in the Appendix that, with the twisted differential normalized as in (|4.23|) , 



lim 

r2— '•oo 



In this way, we obtain 



iv^x) = 1 . 



^1/2 =gs / dn{fl)-^—BZiatT2 



Z2Z\ 



(4.29) 



(4.30) 



which still remains to be integrated over the moduli of Ei. In the next Section and in 
Appendices A, B and C, we discuss the degeneration limit r2 ^ 00, and derive explicit 
expressions for the integration measure and the determinants. 
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5. Degeneration Limit r2 oo, / fixed 

In the limit T2 — > cxo, / fixed, tlie two a-cycles of tlie double cover are "pinched" along 
the handles, see Fig. 4. The limiting curve E^- is a sphere with two pairs of points, (a, b) 
and (a, 6), identified as the punctures. This curve can be constructed from a two-sphere 
by cutting out small disks on its surface (with diameters of order e~'^'^^), and applying 
the "plumbing" procedure for attaching the handles [|16[. On the projective plane P^, the 
handles extend symmetrically from a to 6 and from a to 6, see Fig. 5. The boundary of Ei^- 
is mapped to the real axis, Imz = 0. The a-cycle winds around point a while the b-cycle 
runs from b to a. 

a b 




a b 



Figure 4: The r2 — > 00, / fixed degeneration limit of the double-cover 



Figure 5: Degenerate surface on the projective plane. 



On Tjr, the normalized basis of holomorphic one-forms is given by |Tq 



ivi = {z] a, b) 



uj2 = {z] 6, a) 



(5.1) 
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where the SL{2, C)-covariant one-form 

(z;pi,p2)^:^(— —) . (5.2) 

2m \z -pi z -p2 J 

Note that on the real axis, ui^2 = £^2,1, as required by the involution (|2J]). Furthermore, 
Eq.(p7l|) holds up to the order 0{e~'^'^^). Thus in the leading 0(1) order, the generalized 
Jacobi map becomes 

z G ^ e^-^^i = ■ Clip) : e^"^"^ = ■ C2(p) , (5.3) 

z — b z — a 

where the multiplicative constants ci and C2 depend on the base point p. They will cancel 
inside all theta function arguments, therefore from now on we can set ci{p) = C2{p) = 1. 
The off-diagonal period matrix element is determined by the SL{2, C)-invariant cross-ratio 
of the four puncture points: 

e'.' = (aM-a,i)= \'"'\l-l (5.4) 
[a — aJ(o — 0) 

Note that as expected, / > 0, since a and b lie on the same half-plane of P^. 

Naively, the r2 — > oo limit of the theta function seems to be trivial [9{Q,z) — > 1], 
unless one considers an argument that diverges in this limit. Indeed, the arguments of the 
form z — A that we are interested in, have this property because oc —Qii/2 oo. It is 
convenient to write 

z- A = z- As + 5{n), (5.5) 



where the half-period 



and 



5{n) ^lm = l( ^_ '[^ ) (5.6) 



2 2 \-f-il 



As = A + d{n) (5.7) 



is the finite Riemann constant associated to the spin structure S. In the leading order of 
the theta series expansion, 

with a remainder of order 0{e~'^'^'^). With the Jacobian map given in ( |5.3D , we obtain 



^(^ - A) = 1 + e-^^e^-^^i ^ -f- e-^e^-^^^ + e^-^^^i +^^^ ) )^ "{^^ "J . (5.9) 

z — a z — b [z — a){z — b) 
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^ , ^-nl2n^As, Z_Zl ^ .2.^(A., ) {z - b){z - o) 



Then the Riemann vanishing theorem, 6{z — A) = 0, G P^, dictates 



e^-^^i = -e--' — , e^-^^^ = -e"-^ ^ , (5.10) 
6 — 6 a — a 

with / determined by Eq.(pT^). 

For the prime-form, the hmit can be taken in the same way as for the theta function, 
and yields the obvious result: 

E{x,y) = x-y. (5.11) 



The differential (t{z) is more subtle. One can start from the quotient [jT5 

Q-jz) _ 0{z - pi - p2 + A) E{w, pi)E{w, P2) 
a{w) 0{w-pi-p2 + A) E{z,pi)E{z,p2) 



(5.12) 



where pi and p2 are arbitrary points, and choose p2 as the point associated to one of 
the odd spin structures, say — A = 5+ ^ij [|18|. Now it is straightforward to take 



a limit similar to the one that led to (pT9|). It does not depend on pi, and one finds 
a{z) (X {z — b)~^{z — d)~^. The constant factor is fixed by SL{2, C) covariance, hence 

a(z) = (z;a,6) . (5.13) 

In Appendix B, we take into account Beltrami differentials dual to the integration 
measure 

dfi{n) = dTidT2 dl , (5.14) 

and we show that in the degeneration limit, the quantum determinants appearing in 
Eq.( CT) satisfy: 

(5.15) 



Z2Zf e2-' - 1 ■ 
This leads to the gaugino mass 

^1/2 = / /" dTidT2 dl , (5.16) 

where we replaced the string coupling by the gauge coupling g, with Qs = g^- 
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6. Double Degeneration Limit / — on Blown-Up Orbifolds 

It is clear from Eg. ( ^.161) that the dominant contribution to the gaugino mass comes 
from the region of small /. The / —>■ limit corresponds to the "double degeneration" of 
the surface, with a — 6 on P^. Then the surface splits into a small neighborhood of a 
and 6, of radius 0{l), which comprises the degenerate torus, and the surrounding annulus 
extending from the torus to the boundary; in the / limit the annulus degenerates into 
a disk with a puncture at z = a. As mentioned before, / cannot become smaller than 
e~^^2^ which is the cutoff provided by the diameter of the degenerate handle. 

The final result for the gaugino mass ( ^.16 ) depends critically on the small / behavior 



of the constant B. If B vanishes as any positive power of I, then the integral over / yields 
a r2-independent constant. On the other hand, if B is constant, the integral depends 
logarithmically on the cutoff, bringing a factor of T2 which, as we will see at the end, 
will be converted to R^. Recall that B was introduced in Eq.( f4.25| ), in the context of K3 
compactifications, and refers to a specific basis of two-differentials (C.3) given in Appendix 
C. 

Since the analysis of a general K3 turns out to be quite elaborate, we defer it to another 
place and return to the orbifold limit. As mentioned before, the orbifold amplitude 
vanishes due to symmetry with respect to the permutations of the supercurrent insertions. 
The simplest way to move away from the orbifold point is by inserting a vertex operator 
for a massless "blowing-up" mode. However, first we explain why the amplitude is zero 
for any orbifold. 

6.1. Vanishing Amplitude on orbifolds 

After using the explicit parameterization of the bosonic zero modes, Eqs.(A.l) and 
(A. 5), and summing over all permutations of the supercurrent insertion points and over 
all twisted sectors one finds that the amplitude ( J4.12D contains the factor 



N-l 

BoiZa) = ^ ^ LkLN-kLiBk,iiZa) , (6.1) 

fc=l (afe,&fc) i=l,2 

where k labels the group element e^'^*'^/-^, (ajt, bk) labels the associated twists along the a- 
and b- cycles, and 

Bk,i{Za) = det [uiU{zi) , UkUJN-kiz2) , UJN-k(^kiz3)] ■ (6.2) 



The contribution of the untwisted sector drops out after symmetrization. 
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First, consider twists that are non-trivial only along the b-cycle, as discussed explicitly 
in Appendix A. Then the determinant (|6.2| ) is exactly the same as the determinant com- 
puted in Appendix C. For Ui = ud it is zero, while for = wat it is the determinant 
(C.4), with a /c-dependent prefactor Im(/i) = sin(27ri/c/A^). Although Neumann boundary 
conditions in the SS direction are beyond the scope of the present discussion, it is worth 
mentioning that, even in that case, the final result would vanish, because the contribution 
of the /cth group element in ( |6.1j ) would be canceled by the (A^ — /c)th. For even, the 
remaining contribution oi k = N/2 vanishes by the same argument as for the Z2 orbifold 
mentioned in Section 4. Next, consider twists that are non-trivial only along the a-cycle. 
The corresponding twisted differentials are easy to construct: they have the property that 
iVkUJN-k oc iVN-kUJkj therefore the determinant ( |6.2|) vanishes also in this case. Similar 
property holds for twists that are non-trivial along both a- and b-cycles. Hence 

Bo{Za)=0: (6.3) 

where the above equation holds to the same 0(e~^^2) accuracy as the expansions of the 
holomorphic differentials. 

6.2. Blowing-up Mode Insertion 

We now insert in the amplitude a blowing-up mode B at zero momentum, associated 
to the twisted sector {h,h~^) with h = e^'^'^^ and e = k/N. Its vertex in the —1 ghost 
picture is: 

^i"''"'^(C,C) =: e*^('^4-^*)+^(^-^)('^5-^5V4-a5~ :, (6.4) 

where (7j~ is the corresponding twist field of conformal dimension e(l — e)/2 in both left 
and right movers. Using the N = 2 world-sheet supercurrent, one finds the blowing-up 
vertex operator in the 0-ghost picture: 



' (6.5) 

_|_ gie(<^4-</>5)+*(l-e)(04-05)^- + ^H gie(04-05-(/)4+(/)5)^--^ + + . 

where we used the short distance (OPE) expansions [jl^: aj~ {z, z)dXi{w) ~ (z — 
w)~^^'^a^ and aj~ {z, z)dXj{w) ~ (^ — w)~^^'^aj~^ M Going from the — to the -|- com- 
ponent of the twist field, its conformal dimension is increased by the corresponding twist 
(e or 1 — e). 



The left-right symmetric twist field is called r in Ref. [19|. 
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After inserting the blowing-up vertex J d'^(vj^'^\(, (), the K3 part of the amphtude, 
corresponding to the last factor of Eq. (^75|), becomes: 



I s 
I s 



X 



(^sM (^(^ + 2/) - ^4 - (1 - e)(C - O) QsM (^(^ + y) - + (1 - e)(C - o) x 

(ax^z4)4+(c,C)>(9x5(^5)a5--(c,C)> 



(6.6) 



£;(z4,C)i?(^5,C)'' ' 



1 



X + - Z4 + e(C - 
1 



£;(z4,C)i?(^5,C) 
1 

2 

i?(^4,C)i?(^5,C)'' 



(x + y) - 2:5 - e(C - C) X 



E{z^X)E{z^X) 



2e2 



aX4(^4)a4-(C,C)>(5X5(^5)cT5++(C,C)> , 



where the expression after the ~ symbol replaces the product of the last two theta-functions 
in Eq. (O), together with the n/=4 5 ^-^^ factors from the two supercurrent insertions. 

The spin structure sum can be performed using the same gauge condition ( [4.9| ) with 
the result: 



9, 







m -I 
12^ 



(z4 + e(C-C)-A) 6^-1 





m 7 
2 ^ 



(z5-e(C-C)-A) 



E{z4X)Eiz5X) 
_E{Z4,0E{Z5,0 

+ (4 ^ 5,e 4-^ 1 - e) 



E{C,0 



2e2 



[dX\z,)ariCrC)),^ {dX'{z,)a++iCX)) 



(6.7) 



which has to replace the last two terms in the product of Eq. ( |4.12[ ). 

We want to show that after integrating Eq.( |6.7D over the vertex position the result 
is not symmetric under the transposition Z4 ^ z^; this will be true even in the untwisted 
sector with = = 1. To that end, we can go directly to the double degeneration 
limit / —>■ 0. Recall that the vertex position is to be integrated over the whole half-plane, 
Im^ > 0. If one is interested only in terms that are non- vanishing in the I limit, one 
can neglect the small [radius 0{l)] neighborhood of the puncture points. This means that 
the contribution of the factorized torus is negligible and that the vertex is de facto inserted 
on a hemi-sphere with one puncture point a. Then one can set C = in the arguments 
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of theta functions. Furthermore, the twist field correlators should be evaluated on such a 
hemisphere. Due to the Zjv symmetry of the lattice, only the "quantum" parts of these 
correlators contribute to the amplitude.! Their form is completely determined by OPE 
and SL{2,R) invariance [l^,^. Without going into much detail, it is clear that Eq. (|6.7|) 
is not symmetric in Z4, z^: in the last line, Z4 ^ is accompanied by e ^ 1 — e, and this 
asymmetry should survive the (^-integration. With the twist correlators non-vanishing on 
a punctured hemisphere, the constant B{1 = 0) will be non-zero on blown-up orbifolds. 



7. Radius Dependence of the Gaugino Mass 

We return to the gaugino mass ( |5.16| ), now turning our attention to the dependence 
of the amplitude on the string configuration on T^. Eq. (|4.24] ) contains the respective 
zero mode, dXs = dX -f idX', where X is the coordinate in the SS direction and X' 
is the "non-SS" coordinate on T^. For the zero-mode configurations parameterized as in 
Eq.(A.l), 

dX{z) = 2nR ^^i^) ' (7-1) 

1=1,2 

where the constants Li depend on the winding numbers m and n, see Eq.(A.3). The SS 
coordinate satisfies D boundary conditions and, as explained before, in the r2 — > 00 limit 
all n 7^ modes are exponentially suppressed by the partition function, hence 

TflTl R 

dX = - jtujd{z) , ud{z) =ui{z)+U2{z). (7.2) 

i{r2 - I) 

Furthermore, non-trivial dX' modes are also exponentially suppressed in this limit, unless 
the corresponding radius blows up in the same rate as R. Since the final result is the same, 
we will not consider here such a "fine-tuned" scenario. In this way, we obtain 

R 

B oc m (7.3) 

T2 - I 

where we ignored the factors associated to K2) which had already been discussed in the 
previous section. 



^ Actually, the vanishing due to the Zat symmetry can be avoided by turning on a non-diagonal 
modulus mixing the two planes. However, the resulting contribution would be exponentially 
suppressed in the r2 ^ 00 limit. 
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The zero modes are weighted by the torus partition function. After combining Eq.(773) 
with ( [4 .81 ) and ( |3.5|) , we obtain 



m 



exp( 



(7.4) 



It is clear that the amphtude vanishes after summing over the windings, due to the Z2 
symmetry m — — m. Since this symmetry is absent in the presence of Wilson lines, one 
could try to insert into the amplitude ( [4.27| ) a zero-momentum vertex for the Wilson line 
modulus (J): 

u{x)u){y) — ^u){x)[(j) dudXs{u)]uj{y) 



uj{x)uj{y) / duujD{u) 



(7.5) 



~w(x)u;(y) [Od(x) - 0^(2/)] , 

where in the second line we replaced (w) by its zero mode (|7.2| ), since it cannot be 
contracted with other operators, while in the third line we used the property that ujd{u) 
is a closed one- form to write u!d{u) = d^oiu)- The above result obviously vanishes again 
upon integration over x and y. 

7.1. Generalized Scherk-Schwarz Deformation 

To avoid the vanishing of the summation over windings of the SS circle, we consider 
a Zat SS deformation which is a straightforward generalization of the Z2 case 0. For 
instance, consider compactifications on the product space of a K3 orbifold times T^, and 
define the internal rotation current J, in one of the two complex coordinates of K3: 



(7.6) 



Obviously, only discrete rotations remain that correspond to symmetries of the compact- 
ification lattice, generated hy Q = exp{2ine f J} with e = for a Zn symmetry. A 
generalized SS deformation can then me obtained by coupling the rotation charges with the 
winding numbers of a circle from (or with the whole momentum lattice in general) . 
The corresponding partition function is obtained by replacing: 



e 



a 
b 

/la 



-2i7ren(bi — ^2) 



e 


a+nel 




b+mel 




Zi 











(7.7) 
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where Zx denotes the contribution of the (/la, /ib) twisted sector. Eq. (|7.7| ) generahzes 
which is recovered by setting e = 1, corresponding to a I-k rotation. In this case, 
the bosonic part is not modified and the deformation amounts to inserting the phase 5^^. 

Following the reasoning of Section 3, in the large radius limit, only vanishing windings 
71 = may give corrections that escape exponential suppression in the degeneration limit 
T2 oo. Thus, only the boundary conditions along the b cycle are modified in ( |7.7|) , 
and the spin structure-dependent part of the amplitude (|4.10|) (with the picture-changing 
insertion points satisfying the same gauge condition (^.9|)) becomes: 



5, 



a 

b + mel 



1 



x + y)- z^) Of, 



1 



(7.8) 



x + y) -zs] 



where we defined, as in section 4.1, /i4 = /i and thus hs = 1 and = for an internal 
space x /H. The spin structure sum can be performed using the Riemann identity 
with the result: 



5, 



o 



9 







{x-A)e 







{zs-A)ef,-^ 







-fel 



iz4 - A) e, 







fel 



[z, - A) . 
(7.9) 

After incorporating the remaining factors, one finds that the amplitude (|4.12| ) becomes: 



A 



9 



x9 




fel 



fel 



(x- A)- 



a{x)a{y) 



{zs - A)ef,-i 



-fel 



(^4 - A) e, 



Lfel 



{z, - A) 



X dX^zs) dXt^^^iz,) dXl.^iz,) X 



lat 



(7.10) 



where the symbol h © me denotes the addition of me to the twist h = (/la, ^b) along the 
b cycle only: h © me = [hg,, hi^e'^'^'^'^^) . Note that the b-cycle periodicity conditions for 
all 2/'s, including ^4, and x are twisted by the same Z12N group element e*'^'^^ = e^'^'^^^ for 
m = k mod 2N. The contribution of the k = class of windings disappears by Riemann 
vanishing theorem (supersymmetry), while the class of k = N has the same structure 
as odd windings in the standard SS mechanism, and disappears after summation as a 
consequence of m ^ —m symmetry. Since the zero modes of dX^ are linear in these 
winding numbers, the remaining contributions of m = k mod 2N come with opposite sign 
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to those of m = 2N — k mod 2N] however, as explained below, they are weighted by 
different factors. 

Starting from the amplitude (|7.10| ) and repeating the same steps that led us in Section 



4 to the final expression ([4.27D : antisymmetrization, bosonisation formula, etc., for each 
class of k mod 2N windings, one obtains a similar expression, but now with the tilde 
representing a twist by e'^'^^^^ along the b cycle, i.e. 

Lo{x) — >ujk{x), u{y) — >ujk{y)- (7.11) 

The integration over the vertex positions yields 

(^f^^k{x)^ = (1 - e^-'=/^)2. (7.12) 

Note that the class of 2N — k mod 2N windings (which come with the opposite sign) is 
weighted by the complex conjugate of the above factor. Now it is clear that the sum over 
the SS winding numbers does not vanish. However, one still needs to blow up singularities 
as in Section 6, in order to avoid cancellations due to similar symmetries of the orbifold 
sector. 

7.2. Determination of the Gaugino Mass 

At this point, we can exclude any "accidental" cancellation and return to Eq.([7.4|), 
assuming that the sum over m is restricted to one of the m = k mod 2N (/c = 1, . . . , A^ — 1) 
class of windings. Then Eq.( |5.16| ) gives 



4 f , f dl 1 mB? , m^TxB? . , , 

"^^/^ J"^^'] (e^-' - 1) (r, - /)3/2 2^ e^-TTF ^"P^--^^ • ('-^'^ 



The integral over I has a logarithmic divergence at Z = which, as explained in Section 6, 
is regulated by e"'^'^^. This brings a (large) factor of r2, while / can be set zero everywhere 
else in the integrand, so that 

4 f dr2 2 m^TiR'^ 
mi/2(xg / -gy^2^mi2 exp( ). (7.14) 

After rescaling T2 '?"2-R^, the above expression yields 

TOi/2 oc — oc /m3/2. (7.15) 
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The mass ( [7.15| ) can be understood within the effective field theory by looking at a 
generic one-loop graph involving a gravitational exchange. Each vertex brings one power 
of the Plank mass in the denominator, and thus mi/2 — "^3/2/-^!' if loop momentum 
integral is convergent [^. However if, as naively expected, the momentum integral is 
quadratically divergent, then one obtains mi/2 — ''tT'3/2 -^uv/^p- Since the ultraviolet 
cutoff Ajjv oc Mp, the result (|7.15 ) confirms this expectation. Note, however, that in the 
case of orbifold compactifications, for which mi/2 = 0{e "^3/2^^ such a crude argument 
fails because it ignores the effects of discrete symmetries. 



8. Conclusions and Outlook 

In this work, we developed a formalism for computing one-loop gravitational correc- 
tions to the effective action of D-branes. Furthermore, we have shown that the genus 3/2 
amplitude responsible for communicating the bulk supersymmetry breaking to open string 
fermions is closely related to the well-known genus 2 topological term J^2- For models with 
large extra dimensions and low-energy supersymmetry breaking a la Scherk-Schwarz, this 
mass is proportional to the gravitino mass. However, the result is zero in the case of the 
standard, Z2-symmetric, Scherk-Schwarz mechanism, hence one is forced to consider its 
Z^r generalization in order to generate a non-vanishing gaugino mass. 

In fact, it is not easy to find explicit examples of such a mass generation in "calcula- 
ble" orbifold models. Orbifolds have discrete symmetries that generically lead to further 
cancellations. These, in turn, can be avoided by blowing up the orbifold singularities, 
which can be accomplished by switching on non-zero VEVs of certain twisted fields. This 
mass generation mechanism clearly needs a deeper explanation. On one hand, one should 
find a more profound connection to the underlying world-sheet theory. On the other hand, 
it would be very useful to have a more precise field-theoretical description in terms of 
effective interactions and Feynman diagrams. Both the topological origin as well as the 
relation to quadratic divergences strongly suggest that the mass is generated by anomalies, 
but more work is needed to identify a direct link. 

One could think that the gaugino masses are due to the so-called "anomaly-mediation" 
||2^ of the four-dimensional (super) conformal anomaly. However, such a mechanism pre- 
dicts one-loop masses proportional to and not to as we find. Furthermore, the 
anomaly-mediated gaugino masses are proportional to the beta functions, therefore they 
would require the presence of at least one more world-sheet boundary. Thus the mismatch 



26 



of the powers of gauge coupling and of the group-theoretical coefficients hints against su- 
perconformal anomaly mediation. In fact, our results raise an interesting question whether 
the anomaly mediation mechanism can be implemented at all in any theory with a sensible 
ultraviolet completion. 
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Appendix A. Bosonic Zero Modes and Twisted Differentials 

The amplitude that determines the gaugino mass includes three supercurrent inser- 
tions, with one of them effectively coupled to the the SS torus and the other two to 
the K3 surface. The contribution involves an explicit factor of the (untwisted) zero 
mode dX^; in the case of orbifold compactifications, the other two insertions involve also 
the zero modes associated to the twisted sectors, see respectively Eqs.( [4.1^ ) and ( f4.6|) . 

In the case of untwisted direction, it is convenient to consider separately the two real 
components, each of the form 



where O is an arbitrary base point. Due to the reality property ( p.8|) , the Neumann and 

Dirichlet boundary conditions read, respectively. 
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(A.l) 






(A.2) 
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By considering the boundary conditions for a string winding n times around the a-cycle 
and m times around the b-cycle, we obtain 

L, - 1^:^^ ' - ±L, . (A.3) 

The classical action, Sc\ = 2^ dzXdzX^ can be computed by using Eqs. (|2.10D , with 

the result written in Eq. (|3.4| ). As explained in Section 3, in the degeneration limit T2 —>■ 00, 

I fixed, the n 7^ modes are exponentially suppressed by the partition function, therefore 

the relevant zero modes are given by 
^ mnR 

OzXn,d = T7 --;tujn,d , (^N,D = uji{z) =F (^2{z) • (A.4) 

i{T2 ± I) 

In order to construct the zero modes twisted by a Zat group element h, we can start 
from the g = 2 double cover S, with the twisted comj^/ex instanton configuration 

X^{P) = 2nR[Lh [ ioniz) + 1^ [ oon* {z)] , (A.5) 

JO JO 

where ujh{z) is the (unique) holomorphic one-differential twisted by {ha^.hi,^), i = 1, 2, 
along the a- and b-cycles of E, respectively. The constants Lh and Lh are determined 
by the boundary conditions. Since we are interested in the instanton solutions on Ei, 
we identify = hs,, hb^ = h\^. For our purposes, it is completely sufficient to consider 
configurations with a non-trivial twist only along the b-cycle: /la = 1, hy^ = h. 

The simplest way to obtain the r2 ^ 00 limits of twisted differentials is by working 
directly in the degeneration limit of the punctured hemisphere. The (unique) SL{2, C)- 
covariant, holomorphic differential twisted by h along the b-cycle is given by: 

Uh (z) = {z; a,a) - h {z; 6, b) , (A.6) 

where {z;pi,p2) is defined in (p.l|). If an additional twist by (—1) along the b-cycle is 
present, then 

ujh{z) = {z]a,a) + h{z;b,b) . (A. 7) 

It is easy to see that u){z) = Uh=i{z) given by the above formula does indeed appear in 
the r2 — > 00 limit of Eq. ( |4.23| ) . This also proves Eq. ( [4.29| ) . Note that at the boundary, 

uJh{x) = u)h*{x) , X e dT,i, (A. 8) 

therefore the Neumann and Dirichlet boundary conditions read, respectively. 

Since the amplitude considered in the paper vanishes for orbifold compactifications, we do 
not pursue the discussion of twisted instanton configurations any further. We will make 
use, however, of the twisted differentials in the following computation of Z2. 
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Appendix B. Moduli Integration Measure 

The integration measure over the moduli of the {g = l,h = 1) Riemann surface under 
consideration is induced by the chiral measure of its (7 = 2 double-cover. It involves 3 
insertions of the reparametrization ghosts b necessary to soak up the corresponding zero 
modes: 

di^{Q) = drdfdl Z^h"''"'"' j (j{dwp ^ia,{wp)h{wp)^ , (B.l) 

where //ap, P = 1, 2, 3, are the Beltrami differentials dual to the moduli {dr = cfOn , df = 
dO,22 , dl = dQi2), respectively. The correlation function on the r.h.s., 

{b{wi)b{w2)b{w3)) = Z2{wi,W2,W3) = Z2detUiUj{wp) , (B.2) 

where the constant factor Z2 can be considered as the (oscillator part of the) partition 
function of the (2,-1) b—c system. This determinant has already been included in the 
amplitude ( ^.6| ), therefore in order to avoid double counting we inserted the factor in 
( [B.l| ). The three quadratic differentials, ujiivi, uj\IjJ2 and c<;2(^2 form a basis of the 6-ghost 
zero modes. After inserting ( [B.2|) into the r.h.s. of (|B.1|) , the position integration can be 



performed explicitly; since the Beltrami differentials are dual to (iO^j, 

dixiSl) = dTidT2 dl . (B.3) 
In order to determine the large T2 behavior of Z2, it is convenient to use the bosoni- 



sation formula 15 



p=3 1,2,3 p=3 

Z2iwi, W2, W3) = z;^/^e{J2 - 3A) n ^(^p' «^'?) n ^^^^^p) ' ^^-4) 

p=l p<q p=l 

— 1/2 

where the factor Z^ is the (oscillator part of the) partition function of a chiral scalar 
field. The argument of the theta function can be rewritten as: 

p=3 p=3 

J] - 3A = I + 3(5 , l = ^Wp-?,^5 ■ (B.5) 

p=i p=i 

Since ^ is finite in the r2 — 00 limit, the leading term of the theta series is 

p=3 

^(5^«;,-3A)=e4-(--')/(|), (B.6) 
p=i 
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where 

It is a matter of straightforward but quite tedious algebra to show that for the differ- 
entials (|5.1|) , 

1,2,3 p=3 

p<(j p=i 
Hence, after comparing Eqs.( [B.2D and ([B.4| ), we obtain 

Z2 = Z;'/' '^^,^,_l^, ■ (B.9) 
At this point, it remains to determine the large T2 limit of the chiral boson partition 



function Zi. To that end, it is convenient to use the chiral bosonisation formula 15 



r^3/2 _ 0{ui+U2-v - A) E{ui,U2) a{ui)a{u2) (BIO) 

where ui, U2 and v are arbitrary. After taking the limit in a similar way as before, we 
obtain 

Zi = l. (B.ll) 

In order to compare with the existing literature, we note that, according to our results, 
the "two-loop cosmological constant" of -D = 26 bosonic string, 

Z„ „47r(r2-0p67rZ 
' d^{Q) = dTidT2 dl , (B.12) 



ZP ' (e2-^-l)2 



where we used Eqs. ([B.3|) , ([B.9|) and ( [B.ll| ). This quantity should be compared with the 



formal square root of the well-known result [pl| , p5[] : 



where \l/io is the weight 10 generator of the Isgusa ring, \E'io(0) = 6'2[^](0, 0), with the 
product including all 10 even spin structures. Indeed, Eq. ([B.12| ) follows in the r2 ^ oo 
(Z fixed) degeneration limit of \E'io. The double pole appearing in the factorization limit 
^12 = / = can be attributed to the tachyon [p5| . 
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Appendix C. Twisted Determinant Z2 



In order to find the r2 ^ 00 Umit of the determinant Z2, we will compare the degen- 
eration limits of the left- and right-hand sides of Eq.( [4.26| ). 

On the l.h.s., we have a theta function series, with the leading term 



e 







-1 a=3 



a=3 



where 



/(C) 



a=l 



a=l 



+C2)J]_ _ g-7rZg-27riCi _ g-7rZg-27riC2 g-27ri(Ci+C2) 



(C.l) 



(C.2) 



Furthermore, the degeneration limits of the prime form and the a-differential are given by 
Eqs. (|5.1lD and ( |5.13| ), respectively, and Zi = 1, as shown in Appendix B. 

On the r.h.s., we have the determinant (leiha{zh) involving twisted two-differentials 
/la, a = 1, 2, 3. We can compute this determinant explicitly by choosing the basis 



hi=ujNUJ h2=u)hU}h-^ hs = Uh-iUJh 



(C.3) 



with the ^-differentials listed in Eqs.( |A73D , ( |A.6| ), ( [A.7| ) and ( |5.1| ). After a straightforward 
but tedious computation, we find that, up to a numerical factor. 



dethaizt)=lm{h)x /(0(e2-^-l)e 



1,2,3 a=3 
a<b a=l 



Za I 



(C.4) 



By comparing the two sides of Eq.( 4.26' ), we find: 



-,2-kI 



1 



(C.5) 



Then Eq. (|5.15| ) follows after combining the above result with Eqs. (|B.9|) and (|B.11|) . The 
Im(/i) factor, which reflects antisymmetry of the determinant under h ^ for a speciflc 
choice of basis (C.3), is irrelevant to the present derivation, however it can be important 
when summing over twisted sectors, as pointed out in Section 6. 
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